In the classical Lie theory it is shown how to construct a differential equation invariant under a given group, and how to solve an equation when a group leaving the equation invariant is known. However, little is said about the problem of determining the group for a given differential equation, which is by far the most interesting problem.
In the present paper, necessary and sufficient conditions for the existence of an infinitesimal contact transformation leaving a given equation invariant are determined along with the general form of the characteristic function of the group. It will also be shown how to reduce, by a proper change of variables, the infinitesimal contact transformation to a point transformation. This enables one to solve the transformed differential equation by Lie's methods. Passing back to the original variables, a new differential equation is obtained which combined with the original equation gives its solution in parametric form.
Let df df df dx dy dp be the symbol of the infinitesimal contact transformation leaving invariant the differential equation u = F (v), with u = u(x y y, p), v -v(x, y y p) , p = dy/dx, and F such that the equation G(x y y y p) = u -F(v) = 0 satisfies the various conditions for the existence of solutions (but otherwise arbitrary). Throughout this paper we shall assume that: (A) Both u and v have first derivatives with respect to x, y and p, at least in some region R of the (x> y, £)-space.
(B) The Jacobians d (u, v) d(u, v) d(u, v) à(y, P) à (P, x) à(», y) have in R derivatives of the first and second orders, while J\ and J% have also derivatives of the third order with respect to x, y and p } Since u and v are to be invariants under Bf they will satisfy the partial differential equations du du du £ -+ v -+ 7T-= 0, dx dy dp dv dv dv dx dy dp from which we obtain
a -a{x y y } p) being the common ratio. This can be written
If W is the so-called characteristic function of the infinitesimal contact transformation, we have also
Now to find cr we recall that 1 dW dW dW (3) £ = , 7T= p dp dx dy As a consequence of (1), (2) and (3) we obtain the system of equations da / dJx dJ 2 \ dp \ dp dp ) P(dJi/dp) -(dj 2 /ap)
Adjoining to the system (5) the equations K i f=-+M 3 -= 0, dy da df df K 3 f=-+ Mi-= 0. dp da
Either we may solve (12) or the equivalent total differential equation (13) (M 2 -pM 3 )dx + M 3 dy + Midp -da = 0.
li f=if/ (x, y, p, a) is the solution of (12), then (14) \p (x, y, p,<r) 
will be the solution of (13), and conversely. Equation (14) determines or in terms of #, y, and p. Since a enters as a factor in Mi and M 2t it is also a factor of M 3 . 2 Hence, equation (13) can be written
and so <r has the form
Several special formulas for a may be found. For instance, if
then lf 3 = 0, and equation (13) reduces to
from which we obtain a = k exp ( I (j>i(p)dp + I # 2 (#)d#).
Therefore, the characteristic function takes the form
by virtue of (2). This special case will be of use in some examples to be considered later. We summarize our results in the following theorem. In this case we may show that by a suitable change of variables the transformation reduces to a point transformation.
3 To this aim, let us define a finite contact transformation 
dX dY dP dX dY dP But l = BX = Bu -Q since u is invariant under 5/. Since l = Wp this implies that W is free of P. Also, we find that rj does not contain P because rj = PWp -W= -W. Hence, S/ is an extension of the point transformation group 
Since a constant factor is irrelevant, we see that equation (24) is invariant under the infinitesimal contact transformation
Bf=2pf+(p*-y)-±-pf.
ax ay dp
By taking X = v = x+2p equation (19) reduces to dY dY dY (25) 2 + 2p = 0. dx dy dp The corresponding system of ordinary differential equations is dx dy dp dY ~2~~ 2^~^~~(^, from which we obtain Y=p 2 +y as a particular integral of (25). Finally we have P -2p/2-p. Introducing the new variables in (24) we get dY/Y=dX/F(X).
Hence, we have r dx
Passing back to the variables x, y, p we obtain
The system (24)- (26) (24) and (26) are respectively
Solving for x and y we find 
Since W is linear in p we obtain the point transformation with symbol Uf = x \r y -; dx dy which corresponds to the so-called homotetic transformation.
For the linear equation p+P(x)y~ F(x) we have u -p+Py, v^x, /i = 0, 7 2 ==1, / 3 = -P, pJi-Ji = -1, Mi = 0, M 2 = -oP,ikr 3 = 0.
By putting <j>i(p) = 0, faix) = -P, ke e = 1 in formula (16) 
